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Introduction 
For any ring R, R (2) is the ideal generated by all [r, s] = rs -sr ,  r, s in R, and, in- 
d,~ctively, R (~) is the ideal generated by all It, s], reR  (n-l), s~R;  R I~j is the ideal 
generated by all [rl,...,rn], t ieR ,  which is defined inductively by [ r l , . . . , rn]= 
[Jr1, ...,r~-l],r~]. We set R=RI I J=R 0). The ring R is said to be Lie nilpotent if 
R In1 =0 for some n and strongly Lie nilpotent if R(m)=0 for some m. If R is the 
group ring of some noncommutative group G over a commutative ring, then R is 
Lie nilpotent if and only if R is strongly nilpotent, and either condition holds if and 
only if G is nilpotent, G', the derived group of G, is a finite p-group and the 
characteristic of R is a power of the prime p (Passi-Passman-Sehgal [3, p. 153]). 
Hence, for such a group ring, Rfnl=0 implies R(m)=0 for some m. The main aim 
of this paper is to determine upper bounds for m as a function of n. This is an 
ar~swer to a question asked by H. Bass. 
1. Preliminary results 
The results of this section are valid for any arbitrary ring R. We denote by U(R) 
the group of units of R and by Um the m-th term of the lower central series of 
U= U(R). The first lemma is proved in Gupta-Levin [1]. 
Lemma 1 ([1]). (a) For any m,n,R Iml. e In] C_R [m+n-2] 
(b) For any m, Um C_ R tml + 1. 
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Lemma 2. For any x, y, z ~ R and m >_ 1, 
(a) 3Ix, y, z]R [m] _cRtm+2]; 
(b) [x, y, y]R Ira] CR[m+2]; 
(C) Ix, y] • [y, z]R [m] C_ R [m+21. 
Proof .  For any a, b, c, d, e ~ R the following identity, which can be proved by direct 
expansion, holds. 
([a, b, c] - [b, c, a ] ) [d ,  e] = [ac, d, b, el - a[c, cl, b, el + [c, el, be, a] 
+ b[d, c, e, a] + [d, c, b, a]e + [[c, d, b], [a, e]] + b[d, a, e, c] 
+ [d, a, b, c]e + [[c, b], [a, d, e]] - [a, d, b, e]c + [b, c, ae, d] 
+ a[c, b, e, d] + [c, b, a, d ie+ [b, a, ec, d] + e[a, b, c, d] 
+ [a, d, be, c] + [a, b, e, d ]c -  [[a, b, c], [d, e]]. 
With d = [al, . . . ,  am- 1], e = am, this shows that 
([a, b, c] - [b, c, a])R tin] ~ g [m + 21, 
which yields (a) by the Jacobi identiy and (b) with a=x,  b=c=y.  
Finally, (c) follows from (a), (b) and the identity 
[x, y] [ y, z] = 3 [xy, y, z] - 3 [x, y, z ly + [x, z, y, y] 
- x[z, y, y] - [x, y, y lz .  [] 
Lemma 3. For any elements x, y, z, u, o in R, 
(a )  [x,y][y, u, o] ~R [4], 
(b) [x, y, z] [x, u, o] ~ R [51. 
Proof .  
(a) [x, yl[x,u,o] = -[xo, y, Ix; ull + x[o, y, [x, ul] + [x,y, [x, ul]o 
+ [x, [x, ull[o,y] ER [4] 
by 2(b). 
(b) By equation (1), modulo R [5], 
[x, y, z][x, u, o] ~ [x, y, z][u, o, x] 
= [zx, [x, Yl, [u, ol] - z [x ,  [x, y], [u, oll 
- [Z, [x,y], [u, o l l x -  [Z, [u, oH[x, [x, y]l, 
and the right side of this equation is in R [51 by 2(b). [] 
Let us denote by (x,y) the group commutator x- ly - lxy .  
(1) 
(2) 
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Lemma 4. (a) Let  xi, Yi, x, y, z ~ U(R),  m >_ 1, k >_ 1. Then 
k 
I I  ((xi, yi) - 1)((yi, zi) - 1)R [m] -< R [m+ 2kl, ((x, y) - 1) k E R [k + t]; 
i=l 
(b) ((x, y) - 1)((x, y, z) - 1) e R[4]; 
k 
(C) H ((Xi, Yi, Zi) -- 1)2 E e [2 + 3k]. 
i=1 
Proof.  
(a) ((x, y) - 1 )((y, z) - 1 ) = (x - ly - l  ix ' y] ) (y - i  z -  1 [y, z] 
= x - ly -2z - I  [x, y][y, z] + x - ly  -1 [x, y, y - l  z -1][y ,  z] 
-1 -2Z- I  X =x y [ , y ] [y ,z ]+~,  t iER  [4] by 3(a). 
So by 2(c) and l(a), ( (x ,y ) -1 ) ( (y , z ) -1 )R[mI<R tin+21. The formula for the pro- 
duct follows by induction. That ((x, y ) -  1)ke R Ik+ 11 follows directly for k even and 
for odd k if follows by writing ((x, y) - 1)k = ((x, y) - 1)k- 1((X, y) _ 1). 
(b) Z(X, y)((x, y, z) - 1 ) = Ix, y), z] = [x- ly -1  [x, y], Z] 
= x -~y -~ [x, y, z] + [x - ly  -~, z][x, y] 
=x- ly -~ [x,y, z] + x -~ [y-~, Z][x,y] + [x -l, Z]y -1 [x,y] 
=x- ly - l [x ,y ,  Z] + X -l  [Zy, y - l ,  X] --X -1 [Z, y - l ,  x ]y  
-- [x- ly ,  x, Z]y -1 +X- I [y ,X ,  Z]y -l  -- [X -1, Z][X,y,y-1]. 
Thus, by 3(b) and l(b), modulo R t41, 
( (x ,y ) -  1 ) ( (x ,y ,z ) -  1)=(x- ly- l [x ,y])z(x,y)( (x ,y ,  z ) -  1 ) (x ,y ) - l z  -1 =0.  
(c) Again 
z(x, y)((x, y, z) - 1) = x-  l y -1 [x, y, z] + [x- l y -  l x, yx, z]x -1 
- -x - l  y - l [x ,  yx, Z]X -1. 
By l(a), 
((x,y, Z) - 1)2-=--((x, y z) - 1)Z(x,y)((x,y, z ) -  1)(x,y) - lZ -1, 
modulo R tsl, hence, ((x,y, z ) -1 )2eR ESI by 3(b). (c) now follows by induction and 
l(a). [] 
Le~-lma 5. For any ai ~ U(R), 
((al, a2) - 1)((al, a2, a3) - 1)... ((al, a2, ..., ak) - 1) ~ R ~tl, 
where t = 3 + (k -  2)(k - 1)/2 and (al , az, .. . ,  ai + l) = ((al . . . .  , ai), ai+ 1). 
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Proof. By l(b), (al, . . . , a i ) - I  E R [i]. Hence, by l (a )and  4(b), 
( (a l ,  a2)  -- 1)-.. ((al, .... , ak) - 1) ~ R[4I R[4I R [51 ... R [kl C_ R IO 
with 
t = 4 + (4 - 2) + (5 - 2) +. . .  + (k -  2) 
=3+ 1 +2+3+- - .+(k -2) ,  
which proves the lemma. [] 
2. Main results 
The principal applications of the results in Section 1 are to nilpotent group rings. 
We shall, therefore, let R be the group ring of a noncommutative group G over a 
commutative ring with Rtnl=0 for some n>_3. Therefore, G' is a finite p-group 
and R has p-power characteristic. 
Theorem 1. I f  R [nl = O, then G & nilpotent. Further, 
(a) G is nilpotent of  class c<(3 +~) /2 .  
(b) For any L suppose (al,. . . ,ai)EGi/Gi+l, aiEG. Then (al,a2) has order at 
most n -1 ,  (al,a2,a3) has order at most 2(n-1) /3  and for i>_4, (al,...,ai) has 
order at most (n - 3) / ( i -  2) - ( i -  3)/2. 
Proof. (a) Suppose (al, ..., ac)--/= 1, ai ~ G, By Lemma 5, 
)' = ((al, a2) - l)((al, a2, a3) - 1)... ((al, ..., ac) - 1) e R tk], 
where k=3+(c -2) (c -1 ) /2 .  By Lemma l(b), Gn=l and G is nilpotent, and, 
hence, we may assume that (al, . . . ,a i )eG i \  Gi+l for any i<_c, so y~0.  It follows 
that k must be less than n, that is, c2-3c+8-2n<0,  which yields the bound 
stated in (a). 
(b) If G is generated by {aj}, then Gi/Gi+l is generated by all (ayl .... ,a ii), 
ajhe {aj} [3, p. 33]. For i=2, ( (a l ,a2)-1)  n-I EREnI=o, by Lemma 4(a), so (al,a2) 
has order at most n -1 .  For i=3, if (al,a2,a3):¢=l, then (al,a2)~= 1 and for any s, 
((a 1, a2 ) -- 1 ) ( (a l, a2, a3) -- 1 )2s + 1 E R [4] R [2 + 3sl C_ R [4 + 3s], 
by Lemma 4(c), 4(b) and l(a). Hence (al,a2,a3) has order at most 2s+ I, where 
4 + 3s = n. For i >_ 4, by Lemmas 5 and 1, 
( (a l ,  a2)  - 1 )'." ((al,..., ai -  1 ) - -  1 ) ( (a l ,  . . .  , ai) - 1)s ~ R tkl, 
where k= 3 + ( i -3 ) ( i -2 ) /2  +s(i -2) ,  so (a 1, ..., ai) has order at most s where k is 
any number _>n. [] 
In the next theorem we give an upper bound for the number mi of generators of 
Gi/Gi+l. If G' is a p-group, p-> 3, we can derive bounds easily from the lemmas, 
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and this is demonstrated in Theorem 3. The general case mi, i>_3, also causes no 
particular problem, but m2 requires special treatment especially since for a non- 
nilpotent group ring no power of R t21 need be in R In] for any n_> 3 (cf., Gupta- 
Levin [1]). 
Theorem 2. Suppose,  as above, Rtnl=0, and let m i denote the rank o f  the f in i te  
abeiian group Gi/Gi+ 1, i>_2. Then 
(n + 1)(n - 2) 
(~.) m2< 
2 
(b) mi< - -  
n-3  i -3  
i -2  2 
- - ,  i_>3; 
(c) m2 ] m3+2m4+" '+(c -2 )mc<- -n -2 -  n+l J "  
Proof. (a) Suppose (al, bl), (a2, b2), ... are any nontrivial elements of G2/G 3 and let 
A i = ( (a i ,  bi) - 1)((bi, a i + 1 ) - 1) for every i. By Lemma 4(a) A 1A 2"" AI, ~ R [1 + 2k], SO 
for k_> (n -  1)/2 the product is 0. This implies one of three possibilities: (i) some 
(bi, ai+ 1)= 1, i<_k; (ii) some (a i, bi) is dependent on the remaining terms in the pro- 
duct; (iii) some (b i, ai+ 1) is dependent on the remaining terms. In the first case, 
[ai, bi] [ai + 1, bi + 1 ] = [bi bi + 1, ai + 1, ai] - bi [bi + 1, ai + 1, ai], 
and if we let P=((a l ,b l ) -  1)((az, b2)-  1)... ((ak+l,bk+1)- 1), then it follows that 
P~R E31. In the second case, (ai, bi) is dependent on the other commutators, that 
is, (ai, bi) is a product of some or all of the (bj, aj), j=/=i, and (aj+l,bj) ,  j>_ l .  
Thus, (ai, b i ) -1  can be expressed as a sum of products of these ((bj, a j ) -1 )  
and ((aj+ 1, bj) - 1). If this sum is substituted for ((ai, bi) - 1) in P, then it follows 
by Lemma 4(a) that PeR [31 again. Finally, if (bi, a~+x) is dependent on the 
remaining commutators we first replace ((ai, b i ) -1 ) ( (a i+ l ,b i+ l ) -1 )  in P by 
((ai~ bi+ l ) -1 ) ( (b i ,  ai+ 1) -1 )  to obtain the product P'. Modulo R [31, P-P '  since 
[ai, bi] [ai + 1, bi+ 1 ] = [ai, bi + 1] [bi, ai + 1 ] - [bi bi + 1, ai, ai + |] 
+ bi [bi + 1, ai, ai + i ] + [bi, ai, ai+ 1 ] bi + l + [[bi, ai + 1 ], [ai, bi+ 1 ]]. 
We then proceed as in the second case, this time substituting the corresponding ex- 
pression for (bi, ai+ l ) -  1 in P'  to obtain, as before, that P '  and, hence, P are in 
R [31. Thus in all events P is in R [3]. By Lemma l(a), (R[31) tc__R [2+t]. It fotlows that 
any product 
((a 1 ,b I ) - 1)((a 2, b2) - 1)--. ((ark + 1)t, b(k+ l ) t )  - -  1) ~ R In] = 0 
if L'+ l_>(n+ 1)/2 and t>_n-2 ,  so m z is at most (n+ 1) (n -2) /2 -1  as required. 
(b) If Gi/Gi+ 1 is not trivial, then for some (a l , . . . ,  ai) =/= 1, (a l , . . . ,  ai) ~ 1 for any 
j_< i. Thus, if zii, . . . ,  Zi.mi are independent generators of Gi/Gi+ l, 
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m i 
((al, a2)- 1)((al,a2,a3)- 1)... ((al,a2, . . . , a i - l ) -  1) 1-I (z~/- 1):~0. 
i=1 
So by Lemma 5 and Lemma l(a), 
( i -  3)(i- 2) 
3 + + mi ( i -  2) < n, 
2 
which yields the bound in (b). 
(c) If mi terms are independent in Gi/Gi+l, say Zil, . . . ,  Zi, mi, then 
m 2 rrt  3 r r t  c 
1-[ (z2j -1)  I'I (zaj-1).-- I~ (Zcj-1)=/=o. 
j= l  j= l  j= l  
If mE<(n+ 1)/2, then the first product is not in R [3t, in general. However, if 
[2m2/(n + 1)] _> 1, then the first product is in the corresponding power of R r31 as p 
of part (a) is in R [31. Hence, the entire product is in R tk], where 
k=2+ n+l j+m3+2mg+'"+(c -2)mc '  
by Lemma l(a), which, since k<n gives the bound in (c). [] 
Theorem 3. Suppose R tnl = O, n >_ 3, and that G' & a f inite p-group for  some prime 
p >_ 3. Let G and mi be as in Theorem 2. Then 
n-1  
(a) m2< ~ "  
p - l '  
(b) m2( p -  1) +-~m3( p-  1) + 2m4( p -  1) +... + (c -  2)mc( p -  1) < n - 1. 
Proof. (a) Suppose G2/G 3 is generated by m 2 independent commutators modulo 
Nm" (Z2 j - -1 )  p-l ~0. By Lemma 4, this pro- G 3. If these are denoted by z2j, then ,,j__-~ 
duct is in R tkl, where k=p+(p-  1)(m 2-  1) m2(p-  1)+ 1, and k<n yields (a). 
(b) If Gi/Gi+ I has mi independent generators, zij, J=  1, ...,mi, then 
0~: I-[ (z2j-  1) p-1 ~ (z3j- 1) p-1 "'" 
j= l  j= l  
which gives the result in (b) by Lemmas 1 and 4. [] 
Theorem 4. Let R be the group ring o f  a noncommutative group G and suppose 
R tnJ = 0 for  some n >_ 3. Then G is nilpotent o f  class c at most (3 + ~ 23) and 
R(m)= 0 i f  m-  1 >_ m E + 2n, where m E is the number o f  commutators necessary to 
generate G2/G3. Moreover, m 2 is less than (n + 1)(n-2)/2 i f  p= 2 and less than 
(n - 1) / (p-  1) i f  p#:2, where p is the prime dividing IGEI. 
Proof. Except for the claim about R (m) all the statements have been proved in the 
above theorems. By Sandling's formula [2, p. 225] if m > c, the class of nilpotence 
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of G, 
R<">= H A(G, G+)= H 
J J 
where the sum is over all nj, n>n]> l, for which ~ (n j -  1 )>_m-  1. We may thus 
see that R (m) is generated by elements of  the type 
s 2 s; 
y= II 1-I 
j= l  j= l  
where x• e R Ci) and s 2 + 2s 3 + 3s4 +. . .  >- m - 1. We have, 
R(2)=A(G, G2) = ~ (1 -gz )R .  
g2 e G2 
Using the identity 
(xy - 1) = (x -  1) + (y  - 1) + (x -  l ) (y  - 1) 
we conclude that R (m) is generated by e lements y with Xzj of  the fo rm (a, b ) -  1. 
Since there are m 2 commutators  (ai, bi) generat ing Gu mod G3 and because 
( (a ,b ) - l ) teR  [t+ll by Lemma 4(a), we may suppose that sz<m2 . Now, let 
m = m2 + 2n + 1. Then  by Lemma 1, y e Rtk] where 
k = 2 + s3 + 2S4 -1- --. + (i-- 2)Si + ' " .  
Recalling that  
2s 3 + 3s 4 + .-. >__ m - 1 - s2 = 2n + m 2 - s2-> 2n, 
we conclude that k>_2 + n. This proves the theorem.  [] 
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